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Abstract—This paper deals with the design of the minimal
functional observer for linear time invariant systems. The
proposed minimal functional observer estimates thelinear

function characterizing a state feedback controlletaw.

A synthesis procedure of a minimum observer which &s the
same dimension as the control vector is then presen and a
condition of such observer existence is stated.

The effectiveness and the availability of the minimafunctional

observer are highlighted through a numerical simuléion to

reconstruct the state feedback control law in orderto stabilize
the considered system.

Keywords— Linear system, minimal functional observer, state
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I. INTRODUCTION

developed to design linear functional observerg],[113],
[14], [15], [16], [17].

Until now the direct design of a minimal observéaajiven
linear functional is an open question. Since theults
developed in [11], several designh schemes have jregosed
to reduce order of the observer. These design rdstlaoe
mainly based on the determination of matrices ghelt the
Sylvester equation is fulfilled [18], [19]. Unfortately, the
problem rests in satisfying several conditionsekmt], in many
cases, necessary and sufficient existence consglition the
observer to be minimal are obtained for the fixetep
observer problem only [20].

In this paper we consider the minimum functionasertver
for linear time invariant systems which estimatedingar

In many real world engineering applications, thfinctional characterizing a state feedback coral In this

knowledge of the system state is often requiredamby for

control purpose but also for monitoring and faudtgshosis. In
practice, the measurements of the system statebeavery
difficult or even impossible, for example when apepriate
sensor is not available. Model-based state estimadi then a
largely adopted strategy [1], [2], [3], [4], [5B]. Typically a
state estimation is provided by means of an obsemich

inputs are composed by the inputs and the outplitthe
system and outputs are the estimated states. Matetlie
structure of an observer is based on the matheahatiodel of
the considered system. Therefore, the accuracyhefstate
estimation depends on the accuracy of the usedemsical
model and the quality of the employed measurements.

Clearly, the state estimation is of fundamental antgnce
with a wide range of application, like state feedbdesign,
fault detection, digital image processing, and

even

way we present a procedure of synthesis of the rmuimi
observerwhich has the same dimension as the control vector
andwe state a condition of such observer existence.

An outline of this paper is as follows: the studmathimal
functional state observer and the proposed comditib its
existence are presented in section Il. Then, tie&oselll is
devoted to illustrate the proposed approach on raenigal
example.

Il. MINIMAL FUNCTIONAL STATE OBSERVER

Consider the dynamical system defined by the lirstate
equations:
{X(t) = A+ BU) @
y(t) = CX(¥)

cryptography. Especially, the use of a state olaserv \yhere:

(estimator) is necessary to realize a successbgedtloop
control. For these reasons state estimator
constantly high interest in tHeerature [5], [6], [7], [8].[9],
[10]. However in some applications it is suffici¢ntestimate
directly linear functions of the state [11], [18H].

The design of observers which estimate linear fanst of
the state, as low-dimensional functional observeesge first

studied in [11]. Later on, other approaches havenbe

has egjain

t OR" is the continuous time,
X(t) O R" is the state vector,

u(t) 0 R" is the input vector,

y(t) O R is the measurable output vector,

A, B and C are constant matrices of appropriate
dimensions.
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&) = L) - UD (6)

The problem considered here is to design a ministaie
P g From (1) and (3) we have:

observer to estimate the control legt) , such as:

u(t) = Lx(9) @ X0=L(AOBO)- W)~ B
where L O R™" is a constant full rankmx n) matrix. =Ag)+(L A- Al-T G- FCA AFE ()t (7)
The equations of a such observer are as follows : + (LB- é_ FCB ud
W(t) = Aw(t) + Bu(t) + Ty(t) The following theorem summarizes how the matriéeé,
a(t) = Ewmt) + Fy(t) (3) IandF have to be chosen such that the estimation error

dynamic (7) is asymptotically stable for all initieonditions

X(t;) and W(ty).

Theorem 1:[13], [20], [26] The linear functionali(t) of
R - (3) is an asymptotic estimate of the linear funuaiolX(t)
control |aW), A |:| Rq 4 , B |:| Rq , r D Rq P v of (2) for any X(to) , W(to) and u(t) if:

w(0)isarbitrary

wherew(t) O RY is the observer state vectd(t) 0 R™
is the estimation of the function sate vectit) (the feedback

qu ax p H A A
ELCR | ahd F .D R™ aAre colr:I;tffmt matrices .of LA— AL-T C— ECA+ AFC=0 ©)
appropriate dimensions, such thit) ] R’ is an asymptotic B=LB- ECB (10)

estimate of the linear functions(t) = Lx(t) [20], [21], i.e.

lim[u(t) —{( 9] =0 4
t~°°[L( ) L( D] @ Note that, when the conditions of Theorem 1 arssfied the

According to the valug of the observer state vectaft), estimation error dynamic (7) becoméét) = Ae( ) where
we distinguish several cases:

* (= nN:the Luenberger observer;

* g =n- p:the reduced-order observer [22], [23]; Minimum functional observer existence:
* mM<g<n-pand(q is such that no observer of a dimension condition

where A is a Hurwitz matrix.

A is a Hurwitz matrix i.e. the erre(t) tends to zero.

the li functionLX(t) with der less th
e linear functionLx(t) with an order less thaq The design of the functional observer (3) is redutethe

exists : the minimal-order observer or minimalesq)tion of equations (9) and (10). As mentioied3],
observer [20]; . [14], the equation (9), which is a Sylvester omedifficult to
* q=m: the minimum-order observer or miNiMUMys|ye |n [27], necessary and sufficient conditidos the
observer.m is the lower bound for the order of theexistence and stability of the functional obse@rare given.
observer (3) [24] , [25] The characterization of the minimum observer rextir set

r%he estimation error state matr& and to solve the equation
(9) in order to obtain the gain matricd_s(mx p) and

F(mx p).

In this work we study the existence of a minimu

functional observer of the control lawi(t) = Lx(t) O R™
which means that the observer state vedwt) is of

dimensiong=m. Thus the matriXE in the observer equations Tpe matrix equation (9) is composed IBX n scalar

following development is to obtain the other matrix
parameters of the observer and to find a sufficd@nidition of
existence of a such observer.

Reconsider then the minimum observer equationsin(3)
which E=1,,. The estimation error between the control A dimension condition of existence of an exact &otu
linear function (2) and its minimal state obser{@ris defined (I',F) of equation (9) can be stated as follows:
as . N ud-t 2mx p= mx r

e(t) =u()-u?Y () i 2p=n 11

Notice that the matrixA must be taken such that the
functional observer error converges asymptoticaitp zero
faster than the system dynamics.

ie.
Then, the estimation error dynamic equation is:
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Ill. NUMERICAL EXAMPLE With the observer dynamic chosen As= —5, the matrix

In this section we intend to illustrate the develemts we equation (9) leads to the following system of falgebraic
made above for the synthesis of a minimum ordeeves. equations which unknowns are the component of thgices
Let us consider the fourth order, single input amed [ :[rl rz] and F :[fl f2]3
outputs system described by the following lineameti

invariant model:
-70.34- Fl - 5f1 =0

o 1 o0 o 5 ~165.67-f, = 0
-131.4-T,- 5,=(
O I POR I T 32.08-f,= 0
0 0 0 1 0 ' 2=
-1 -1 -2 -3 1 These equations yield the following minimum obseiyains:
1 00O =
y(t) = X(0) r=[758.01 29
0 01 O
F =[-165.67 - 32.0B
it B=-5.01
- x(tHO R the state vector , The performances of the proposed minimal functional
« u®OR th trol vector, observer are tested by numerical simulation.
© © controtvector The figure 1 shows the unstable behavior of theootrolled
« y(t) OR the output vector, system. The figure 2 represents the evolution bfha state
0O 1 0 O variables of the system provided with the obsergedtrol
law (using the minimum functional observer).
. A= 6 0 1 O the state matrix, The control signal evolution is shown in the figudevhere
0O 0 0 1 the actual feedback control variabfe(t) = Lx(t)) and its
-1 -1 -2 -3 estimationﬁ(t) using the minimum functional observer are
0 compared.
0 : :
e B= the input matrix,
0
1 State variabales of uncontrolled system
1 00O .
e C= the output matrix of the
0010

system.

The task is to estimate the state linear functional
u(t) = Lx(t) where L is the feedback control gain,

L =[-15,-31-22;- 5 which has been chosen to place
the system poles to the multiple valde= —2. Note that the
control law depends on all the state variablesairtigular the
non measured onex, () and X, (t) .

This system ha#l =4 state variablesin =1 input variable
and p = 2 output variables. Then, one can easily verify that
the above stated dimension condition (11) is satissince we
have 2p=n=4. Hence, a one-dimensional functional
observer can be designed to estimate the feedlmatfotlaw.

Time(s)

Fig.1 Evolution of the state variables of thesidered unstable system
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State variabales of controlled system [4]

(5]
(6]

(7]
8l
19
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Fig.2 Evolution of the state variabtéshe system provided [12]
with the estimated state fem#bcontroller law [13]
[ [ [ ; ; [14]
: : :—Comrollaw
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| | | T T
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| | | | |
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Time(s) [20]
Fig.3 Evolution of the actaald estimated control law 21
I1l. CONCLUSION

The synthesis of a minimal functional observer lioear [22]
time invariant systems has been investigated. Wee th23]
considered especially the observer design of @ diaear
function representing a feedback control law. Iis thay a [24]
dimension condition of a solution existence of thmimum
order functional observer has been stated.

The implementation of the proposed developmentbeas
illustrated on a fourth order, single input doublgput linear [26]
system. The obtained results confirm the availgbitif the
developed approach.

[25]

[27]
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